The Lane-Emden equation has been used to model several phenomenas in theoretical physics, mathematical physics and astrophysics such as the theory of stellar structure. This study is an attempt to utilize the collocation method with the Rational Chebyshev of Second Kind function (RSC) to solve the Lane-Emden equation over the semi-infinit interval [0, +∞). According to well-known results and comparing with previous methods, it can be said that this method is efficient and applicable.
introduction
Solving science and engineering problems appeared in unbounded domains, scientists have studied about it in the last decade. Spectral method is one of the famous solution. Some researchers have proposed several spectral method to solve these kinds of problems. Using spectral method related to orthogonal systems in unbounded domains such as the Hermite spectral method and the Laguerre Method is called direct approximation [1] [2] [3] [4] [5] [6] [7] [8] .
In an indirect approximation, the original problem mapping in an unbounded domain is changed to a problem in a bounded domain. Gua has used this method by choosing a suitable Jacobi polynomials to approximate the results [9] [10] [11] . There is Another method called domain truncation. In this method, the [0,+∞) to [0,L] and (−∞,+∞) to [-L,+L] are replaced by choosing a sufficient large L [12] . Using spectral method based on the rational approximation is one of the direct approximation has been used in this paper. Authors of [13] [14] [15] have developed some spectral methods on unbounded intervals by using some mutually orthogonal systems of rational functions. Boyd [15] has proposed a new spectral basis named Rational Chebyshev functions on the semi-infinite interval by mapping to the Chebyshev polynomials. Author of [16] has suggested and discussed a set of Legendre rational functions which are mutually orthogonal in L 2 (0, +∞) with a non-uniform weight function ω(x) = (x+1) −2 . Authors of [17] [18] [19] [20] [21] have applied some Rational Chebyshev and Legendre functions by tau and collocation method which were used to solve nonlinear ordinary differential equations on semiinfinite intervals. Author of [17] [18] [19] have obtained the operational matrices of the derivative and product of rational Chebyshev and Legendre functions to reduce the solution of these problems to the solution of some algebraic equations.
The Lane-Emden equation has been used to model several phenomenas in theoretical physics, mathematical physics and astrophysics as the theory of stellar structure. It appears in other contexts, for example in case of radiatively cooling, self-gravitating gas clouds, in the mean-field treatment of a phase transition in critical absorption or in the modeling of clusters of galaxies. It has been classified as singular initial value problems in the second order ordinary differential equations. This equation is to honor astrophysicists Jonathan Homer Lane and Robert Emden which is called Lane-Emden. [22] [23] [24] [25] [26] [27] Consider the Poisson equation and the condition for hydrostatic equilibrium [28] [29] [30] 42] :
where G is the gravitational constant, P is the pressure, M (r) is the mass of a star at a certain radius r, and ρ is the density, at a distance r from the center of a spherical star [28] .The combination of these equations yields the following equation, which as should be noted, is an equivalent form of the Poisson equation [28] [29] [30] 42 ]:
From these equations one can obtain the Lane-Emden type equation through the simple assumption that the density is simply related to the density, while remaining independent of the temperature. We already know that in the case of a degenerate electron gas, the pressure and density are ρ ∼ P 3 5 , assuming that such a relation exists for other states of the star, we are led to consider a relation of the following form [28] :
where K and m are constants and m is the polytropic index which is related to the ratio of specific heats of the gas comprising the star.Based upon these assumptions we can insert this relation into our first equation for the hydrostatic equilibrium condition and from this equation [28] [29] [30] 42] we have
where the additional alteration to the expression for density has been inserted with λ representing the central density of the star and y that of a related dimensionless quantity that are both related to ρ through the following relation [28] [29] [30] 42 ]
Additionally, if place this result into the Poisson equation, we obtain a differential equation for the mass, with a dependence upon the polytropic index m. Though the differential equation is seemingly difficult to solve, this problem can be partially alleviated by the introduction of an additional dimensionless variable x ,given by the following:
Inserting these relations into our previous equations we obtain the famous form of the Lane-Emden type equations, given in the following:
Taking these simple relations we will have the standard Lane-Emden equation with g(y) = y m [28] [29] [30] 42] ,
At this point it is also important to introduce the boundary conditions which are based upon the following boundary conditions for hydrostatic equilibrium and normalization consideration of the newly introduced quantities x and y. What follows for r = 0 is
As a result an additional condition must be introduced in order to maintain the condition of equation (??) simultaneously:
In other words, the boundary conditions are as follows
The values of m which are physically interesting, lie in the interval [0, 5] . The main difficulty in the analysis of this type of equation is the singularity behavior occurring at x = 0. Exact solutions for equation (??) are known only form = 0, 1 and 5. For other values of m the standard Lane-Emden equation is to be integrated numerically. Thus we decided to present a new and efficient technique to solve it numerically. This paper is organized as follows: In Section 2 we survey several methods that have been used to solve Lane-Emden type equations. In Section 3, the properties of Chebyshev Function of the Second Kind and the way to construct the collocation technique for this type of equation are described. In Section 4 the proposed method is applied to some types of Lane-Emden equations, and a comparison is made with the existing analytic or exact solutions that were reported in other published works in the literature. Finally we give a brief conclusion in the last section.
approximate solution in the form of power series which is easily computable and accurate. To accelerate the convergence he has used the Pade' approximates method.
Mandelzweig et al. [23] have shown that the quasilinearization method (QLM) gives excellent results when applied to different nonlinear ordinary differential equations in physics, such as Lane-Emden equation.
Wazwaz [34] has employed a reliable algorithm rests mainly on the Adomian decomposition method with an alternate framework designed to overcome the difficulty of the singular point and he has proposed framework has been applied to a generalization of Lane-Emden equations.
Liao [35] has introduced an analytic algorithm logically contains the well-known Adomian decomposition method, provides for Lane-Emden equation. This algorithm itself provides us with a convenient way to adjust convergence regions even without Pade technique.
He [36] has presented by the semi-inverse method, a variational rinciple is obtained for the Lane-Emden equation, which gives much numerical convenience when applying finite element methods or Ritz method.
Ramos [37] has uttered Linearization methods provide piecewise linear ordinary differential equations which can be easily integrated, and provide accurate answers even for hypersingular potentials, for which perturbation methods diverge and he has shown the applicability and accuracy of linearization methods for initial-value problems in ordinary differential equations are verified on examples that include the Lane-Emden equation, and some other equations.
Parand et al. [38] has expressed numerical method based on rational Legendre tau for solving the LaneEmden nonlinear differential equation. They have provided the operational matrices of derivative and product of rational Legendre functions.
Ramos [39] has employed Linearization methods result in linear constant-coefficients ordinary differential equations which can be integrated analytically, thus yielding piecewise analytical solutions and globally smooth solutions.
Wazwaz [40] has shown the modified decomposition method which has been applied for analytic treatment of nonlinear differential equations such as Lane-Emden. This method accelerates the rapid convergence of the series solution, dramatically reduces the size of work, and provides the exact solution by using few iterations only without any need to the so-called Adomian polynomials.
Yusefi [26] has presented a numerical method by using integral operator and convert Lane-Emden equations to integral equations and then applying Legendre wavelet approximations.
Ramos [41] has detailed series solutions of the Lane-Emden equation based on either a Volterra integral equation formulation or the expansion of the dependent variable in the original ordinary differential equation and has compared with series solutions obtained by means of integral or differential equations based on a transformation of the dependent variables.
Aslanov [42] has constructed a recurrence relation for the components of the approximate solution and has investigated the convergence conditions of the Emden-Fowler type of equations.
Razzaghi et al [43] have given numerical method based upon hybrid function approximations for solving nonlinear initial-value problems such as Lane-Emden type equations.The properties of hybrid of block-pulse functions and Lagrange interpolating polynomials have presented and and have utilized to reduce the computation of nonlinear initial-value problems to a system of non-algebraic equations.
Dehghan et al. [44] have investigated The Lane-Emden using the variational iteration method and it have been shown the efficiency and applicability of this procedure for solving this equation.
Hashim et al. [45] have obtained approximate and/or exact analytical solutions of the generalized EmdenFowler type equations in the second-order ordinary differential equations (ODEs) by homotopy-perturbation method (HPM).
Parand et al [46] have represented a pseudospectral technique is to solve the Lane-Emden type equations on a semi-infinite domain. The method is based on rational Legendre functions and Gauss-Radau integration.
Ramos [47] has shown that the appearance of noise terms in the decomposition method is related to both the differential equation and the manner in which the homotopy parameter is introduced, especially for the Lane-Emden equation.
Bataineh et al [48] have stated approximate and/or exact analytical solutions of singular initial value problems (IVPs) of the Emden-Fowler type in the second-order ordinary differential equations (ODEs) are obtained by the homotopy analysis method (HAM).
Oziş et al. [49] have declared, approximate-exact solutions of a class of Lane-Emden type singular IVPs problems, by the variational iteration method.
Singh et al. [50] have shown an efficient analytic algorithm for Lane-Emden type equations using modified homotopy analysis method, which is different from other analytic techniques as it itself provides us with a convenient way to adjust convergence regions even without Pade technique.
Parand et al. [51] have provide a pseudo spectral method for Lane-Emden equation which based on some orthogonal functions.
Parand et al. [53] have imparted a method based on the rational Legendre functions and Gauss-Radau integration to solve Lane-Emden type equations on a semi-infinite domain.
Geng et al. [54] have investigated the nonlinear singular initial value problems including generalized LaneEmden-type equations by combining homotopy perturbation method (HPM) and reproducing kernel Hilbert space method (RKHSM).
Karimi et al. [55] have presented a numerical method which produces an approximate polynomial solution for solving Lane-Emden equations as singular initial value problems. They have used an integral operator to convert Lane-Emden equations into integral equations the convert the acquired integral equation into a power series and finally, transforming the power series into Pad series form, they have obtained an approximate polynomial of arbitrary order to solve Lane-Emden equations.
Gorder [56] has applied the δ-expansion method to a transformed Lane-Emden equation then the results have been transformed back, and has been recovered analytical solutions to the Lane-Emden equation of the second kind in a special case. The rapid convergence of the method results in qualitatively accurate solutions in relatively few iterations, as we see when we compare the obtained analytical solutions to numerical results.
Wazwaz et al. [58] have provided a comparison of the Adomian decomposition method (ADM) with the variational iteration method (VIM) for solving the Lane-Emden equations of the first and second kinds.
Yzbasi [59] has mentioned a collocation method based on the Bessel polynomials is presented for the approximate solution of a class of the nonlinear Lane-Emden type equations.
Bhrawy et al. [60] have conveyed a shifted Jacobi pseudo-spectral method JPSM, along with the Boubaker Polynomials Expansion Scheme (BPES), for solving a nonlinear Lane-Emden type equation.
Bhrawy et al. [61] have related a shifted Jacobi-Gauss collocation spectral method for solving the nonlinear Lane-Emden type equation.
Caglar et al. [62] have solved a time-dependent heat-like Lane-Emden equation by using a non-polynomial spline method.
Shen [63] has combined the compactly supported radial basis function (RBF) collocation method and the scaling iterative algorithm to compute and visualize the multiple solutions of the Lane-Emden-Fowler equation on a bounded domain Ω ⊂ R 2 with a homogeneous Dirichlet boundary condition. Pandey et al. [64] have developed an efficient numerical method for solving linear and nonlinear LaneEmden type equations using Legendre operational matrix of differentiation.
Pandey et al. [65] have applied the First Bernstein operational matrix of differentiation derived using Bernstein polynomials to solve the linear and nonlinear differential equations of Lane-Emden type.
Biezuner et al. [67] have introduced an iterative method to compute the first eigenpair (λ p , e p ) for the p-Laplacian operator with homogeneous Dirichlet data as the limit of (µ q , u q ) as q → p − , where u q is the positive solution of the sublinear Lane-Emden equation −∆ p u q = µ q u q−1 q with the same boundary data. Boubaker et al. [68] have used the Boubaker Polynomials Expansion Scheme (BPES) in order to obtain analytical-numerical solutions to the Lane-Emden initial value problem of the first kind and second kind.
Rismani et al. [69] have utilized the improved Legendre-spectral method to solve Lane-Emden type equations.
Jalab et al. [70] have shown a numerical method based on neural network, for solving the Lane-Emden equations singular initial value problems. The numerical solution has been given for integer case and non integer case. The non integer case is taken in the sense of Riemann-Liouville operators.
Wazwaz et al. [71] have used the systematic Adomian decomposition method to handle the integral form of the Lane-Emden equations with initial values and boundary conditions and have confirmed their belief that the Adomian decomposition method (has provided) provides efficient algorithm for analytic approximate solutions of the equation.
Karimi Vanani et al. [72] have presented a numerical algorithm based on an operational Tau method (OTM) for solving the Lane-Emden equations as singular initial value problems.
Parand et al [73] have introduced the Bessel orthogonal functions as new basis for spectral methods and also present an efficient numerical algorithm based on them and collocation method to solve these well-known equations.
Kaur et al. [75] have provided a technique to investigate the solutions of generalized nonlinear singular Lane-Emden equations of first and second kinds by using a Haar wavelet quasi-linearization approach.
Oztürk et al. [76] have stated the numerical solution of Lane-Emden equations by using truncated shifted Chebyshev series together with the operational matrix.
Razzaghi [78] has proposed a numerical method based on hybrid function approximations and Bernoulli polynomials has been presented and utilized to reduce the computation of nonlinear initial-value problems such as Lane-Emden type equations to a system of equations.
Li et al [79] have computed and visualized multiple solutions of the Lane-Emden equation on a square and a disc, using Legendre and Fourier-Legendre pseudospectral methods based on the Liapunov-Schmidt reduction and symmetry-breaking bifurcation theory.
Wazwaz [81] has established the Volterra integro-differential forms of the Lane-Emden equations and has used the variational iteration method (VIM) to effectively treat these forms.
Rach et al. [82] have considered the coupled Lane-Emden boundary value problems in catalytic diffusion reactions by the Adomian decomposition method.
Mohammadzadeh et al. [83] has shown three numerical techniques based on cubic Hermite spline functions for the solution of Lane-Emden equation.
Wazwaz et al. [84] have investigated systems of Volterra integral forms of the Lane-Emden equations have used the systematic Adomian decomposition method to handle these systems of integral forms.
Oztürk et al [85] have shown numerical method depends on collocation method and based on first taking the truncated Hermite series of the solution function, transforms Lane-Emden type equation and given conditions into a matrix equation,solving the system of algebraic equations using collocation points and found the coefficients of the truncated Hermite series.
Wazwaz et al. [86] have presented new alternate derivations for the Volterra integral forms of the LaneEmden equation for the shape factor of k=1, where an alternate derivation for L'Hospital's formula will be developed.
Gürbüz et al. [87] have mentioned the numerical method is based on the matrix relations of Laguerre polynomials and their derivatives, and reduces the solution of the Lane-Emden type functional differential equation to the solution of a matrix equation corresponding to system of algebraic equations with the unknown Laguerre coefficients.
Properties of Chebyshev Function of the Second Kind
The chebyshev polynomials in second kind are defined on [−1, 1] by
with respect to weight function w (x) = √ 1 − x 2 and can be determined following recurrence formula:
We can obtain another formula for derivative of U n (x) as
Since the range [0, +∞) quite often more convenient to use than the range [−1, +1], we sometimes map the independent variable x in [0, +∞) to the variable s in [−1, +1] by the transformation
and this leads to a shifted Chebyshev polynomial (of the second kind) U * n of degree n in x on [0, +∞) given by
with respect to weight function w
3 . The U * n has been called Rational Chebyshev of Second kind (RCS). From (??) and (??), we may deduce the recurrence relation for U * n in the form
with initial conditions
As same like (??) we can obtain derivative of U *
Theorem 1. In the GaussChebyshev formula
where{x k } are the n zeros of φ n (x),the coefficients A k are as follows:
The complete proof has been shown by Mason et al. in [88] Let w
3 denote a non-negative, integrable, real-valued function over the interval I = [0, +∞). We have defined L 2 w * (I) = {v : I → R|v is measurable and v w * < ∞} ,
where
is the norm induced by the scalar product
Thus {U * n (x)} n 0 denote a system which are mutually orthogonal under (??), i.e
where δ nm is the Kronecker delta function. This system is complete in L 2 w * (I). For any function u ∈ L 2 w * (I) the following expansion holds
The a k 's are the expansion coefficients associated with the family {U * n (x)}. Now we can define an orthogonal projection based on the transformed Chebyshev functions in second kind as given below: Let *
N is a mapping in a way that for any y ∈ L 2 (I), 
with initial conditions y(0) = A, y (0) = B where α, A and B are real constants and f (x), g(y) and h(x) are some given functions. We apply the Rational Chebyshev of Second kind functions collocation method to solve some well-known Lane-Emden type equations for various f (x), g(y), A and B, in two cases homogeneous (h(x) = 0) and non-homogeneous (h(x) = 0).
To satisfy boundary conditions we can add the (??) by P (x) = A + Bx, therefore the (??) has been changed as follows:ξ
Now for boundary conditions we haveξ N y(x) = A and 
There is no limitation to choose the point in collocation method. In this case, some points with equal distance from each other in [ Res(x j ) = 0, j = 0, 1, 2, 3, . . . , N A non-linear system of equations has been obtained. Some numerical methods should be used as Newton's method. The Maple version 17 has been used to solve the non-linear system of equations. Solving these types of equations system, Maple software has been used the Newton's method and advanced algorithm. The Maple f solve has been used for all of unknown coefficients with an initial zero value. The unknown coefficients a i will be obtained and approximation ofξ N y(x) is the result.
Example 1 (The standard Lane-Emden equation)
According to Eq.(??), if f (x) = 1, g(y) = y m , A = 1 and B = 0 the standard Lane-Emden equation has been defined as follows: The Rational Chebyshev of Second kind Collocation method has been applied to solve Eq. (??) for m = 1.5, 2, 2.5, 3 and 4 because there is no analytic exact solution for other case of m values so the residual function has been constructed as:
As it was mentioned, N +1 points with equal distance from each other in [0, q] have been substituted in Res(x):
Res(x j ) = 0, j = 0, 1, 2, 3, . . . , N A non-linear system of equations has been obtained. Some numerical methods should be used as Newton's method. The Maple version 17 has been used to solve the non-linear system of equations. Solving these types of equations system, Maple software has been used the Newton's method and advanced algorithm. The Maple f solve has been used for all of unknown coefficients with an initial zero value. The unknown coefficients a i will be obtained and approximation ofξ N y(x) is the result. Table 1 
Example 2 (The isothermal gas spheres equation)
According to Eq.(??), if f (x) = 1, g(y) = e y , A = 0 and B = 0 the isothermal gas spheres equation has been defined as follows:
with boundary conditions
Davis [27] has discussed about ?? that can be used to view the isothermal gas spheres, where the temperature remains constant. A series solution have investigated by Wazwaz [34] ,Liao [35] ,Singh et al. [50] and Ramos [41] by using ADM, ADM, MHAM and series expansion, respectively:
We have applied Chebyshev of Second kind Collocation method to solve Eq. (??) therefore we have constructed the residual function:
Res(x j ) = 0, j = 0, 1, 2, 3, . . . , N A non-linear system of equations has been obtained. Some numerical methods should be used as Newton's method. The Maple version 17 has been used to solve the non-linear system of equations. Solving these types of equations system, Maple software has been used the Newton's method and advanced algorithm. The Maple f solve has been used for all of unknown coefficients with an initial zero value. The unknown coefficients a i will be obtained and approximation ofξ N y(x) is the result.
?? has shown the comparison of y(x) obtained by the method proposed in this paper with N = 40 and those obtained by Wazwaz [34] . As ADM is based on Taylor series ,it can be contributed that there is a very high level of accuracy around zero point. This accuracy will decrease while the distance of points starts to raise from zero point. The resulting graph of the isothermal gas spheres equation in comparison to the presented method and those obtained by Wazwaz [34] has been shown in ??. The logarithmic graph of the absolute coefficients of Chebyshev of Second kind functions of the standard isothermal gas spheres is shown in ??. This graph shows that the new method has a proper convergence rate. Table 8 : Comparison of y(x), between current method and series solution given by Wazwaz [34] for isothermal gas sphere equation. 
Example 3
According to Eq.(??), if f (x) = 1, g(y) = sinh(y), A = 1 and B = 0 the equation has been defined as follows:
with boundary conditions y(0) = 1, y (0) = 0 A series solution have investigated by Wazwaz [34] by using Adomian Decomposition Method (ADM) is:
e 4 (37) we have purposed to RCS method to solve ?? therefore, we construct the residual function as follows:
N + 1 points with equal distance from each other in [0, q] have been substituted in Res(x):
Res(x j ) = 0, j = 0, 1, 2, 3, . . . , N A non-linear system of equations has been obtained. Some numerical methods should be used as Newton's method. The Maple version 17 has been used to solve the non-linear system of equations. Solving these types of equations system, Maple software has been used the Newton's method and advanced algorithm. The Maple f solve has been used for all of unknown coefficients with an initial zero value. The unknown coefficients a i will be obtained and approximation ofξ N y(x) is the result. ?? has shown the comparison of y(x) obtained by the new method proposed in this paper with N=20, and those obtained by Wazwaz [34] .The resulting graph of ?? in comparison to the presented method and those obtained by Wazwaz [34] are shown in ??. Table 9 : Comparison of y(x), between current method and series solution given by Wazwaz [34] for Example 3.
x Present method Wazwaz Error 0.00 0.00000000E + 00 0.00000000E + 00 0.00000000E + 00 0.10 9.98042842E − 01 9.98042841E − 01 9.80743042E − 10 0.20 9.92189436E − 01 9.92189435E − 01 1.02811104E − 09 0.50 9.51961094E − 01 9.51961102E − 01 8.14090706E − 09 1.00 8.18242929E − 01 8.18251667E − 01 8.73755808E − 06 1.50 6.25438765E − 01 6.25891608E − 01 4.52843155E − 04 2.00 4.06623301E − 01 4.13669104E − 01 7.04580312E − 03 
where k 1 = sin(1) and k 2 = cos(1) we have purposed to RCS method to solve ?? therefore, we construct the residual function as follows:
As it was mentioned, N + 1 points with equal distance from each other in [0, q] have been substituted in Res(x):
A non-linear system of equations has been obtained. Some numerical methods should be used as Newton's method. The Maple version 17 has been used to solve the non-linear system of equations. Solving these types of equations system, Maple software has been used the Newton's method and advanced algorithm. The Maple f solve has been used for all of unknown coefficients with an initial zero value. The unknown coefficients a i will be obtained and approximation ofξ N y(x) is the result.
?? has shown the comparison of y(x) obtained by the new method proposed in this paper with N=20, and those obtained by Wazwaz [34] .The resulting graph of ?? in comparison to the current method and those obtained by Wazwaz [34] are shown in ??. Table 10 : Comparison of y(x), between current method and series solution given by Wazwaz [34] for Example 4.
x Present method Wazwaz Error 0.00 1.00000000E + 00 1.00000000E + 00 0.00000000E + 00 0.10 9.98597930E − 01 9.98597936E − 01 5.40042000E − 09 0.20 9.94396268E − 01 9.94396273E − 01 5.12808607E − 09 0.50 9.65177784E − 01 9.65177789E − 01 5.03923003E − 09 1.00 8.63681129E − 01 8.63681103E − 01 2.60689941E − 08 1.50 7.05045237E − 01 7.05041925E − 01 3.31264027E − 06 2.00 5.06464502E − 01 5.06372033E − 01 9.24689456E − 05 
We have purposed to RCS method to solve ?? therefore, we construct the residual function as follows:
). −6.51619308E + 00 −6.51619308E + 00 3.89665988E − 09 6.00 −7.22183583E + 00 −7.22183583E + 00 1.57089008E − 09 7.00 −7.82404602E + 00 −7.82404601E + 00 6.89516000E − 09 8.00 −8.34877473E + 00 −8.34877454E + 00 1.88648450E − 07 9.00 −8.81343999E + 00 −8.81343849E + 00 1.49618078E − 06 10.00 −9.23024811E + 00 −9.23024103E + 00 7.08015080E − 06 
Example 6
If f (x) = 1, g(y) = −6y − 4y ln(y), A = 0 and B = 1, one of the Lane-Emden type equations will obtain as follows:
with boundary conditions y(0) = 1, y (0) = 0 which has the following analytical solution:
We have purposed to RCS method to solve ?? therefore, we construct the residual function as follows: The logarithmic graph of the absolute coefficients of Chebyshev of Second kind functions of ?? is shown in ??. This graph shows that the new method has a proper convergence rate. x Present method Exact value Error 0.00 1.00000000E + 00 1.00000000E + 00 0.00000000E + 00 0.01 1.00010001E + 00 1.00010001E + 00 5.02500264E − 11 0.02 1.00040008E + 00 1.00040008E + 00 1.58560054E − 10 0.05 1.00250313E + 00 1.00250313E + 00 2.54499977E − 10 0.10 1.01005017E + 00 1.01005017E + 00 2.65950151E − 10 0.20 1.04081077E + 00 1.04081077E + 00 3.03500114E − 10 0.50 1.28402542E + 00 1.28402542E + 00 4.30919966E − 10 0.70 1.63231622E + 00 1.63231622E + 00 5.87929927E − 10 0.80 1.89648088E + 00 1.89648088E + 00 7.86489984E − 10 0.90 2.24790799E + 00 2.24790799E + 00 9.62370184E − 10 1.00 2.71828183E + 00 2.71828183E + 00 1.22766020E − 09 
Res(x) = d The logarithmic graph of the absolute coefficients of Rational Chebyshev of Second kind functions of ?? is shown in ??. This graph shows that the new method has a proper convergence rate. x Present method Exact value Error 0.00 1.00000000E + 00 1.00000000E + 00 0.00000000E + 00 0.01 1.00010001E + 00 1.00010001E + 00 4.58300065E − 11 0.02 1.00040008E + 00 1.00040008E + 00 1.07270193E − 10 0.05 1.00250313E + 00 1.00250313E + 00 1.38300038E − 10 0.10 1.01005017E + 00 1.01005017E + 00 1.27110100E − 10 0.20 1.04081077E + 00 1.04081077E + 00 1.44440016E − 10 0.50 1.28402542E + 00 1.28402542E + 00 1.78340009E − 10 0.70 1.63231622E + 00 1.63231622E + 00 1.98119965E − 10 0.80 1.89648088E + 00 1.89648088E + 00 2.87079915E − 10 0.90 2.24790799E + 00 2.24790799E + 00 3.10949932E − 10 1.00 2.71828183E + 00 2.71828183E + 00 3.63560293E − 10 
Conclusions
The main idea of this paper is to construct an approximation to the solution of nonlinear Lane-Emden equations in a semi-infinite interval. A set of Rational Chebyshev of the Second kinds of functions have been proposed to provide an effective but simple way to improve the convergence of the solution by the collocation method. there is a comparison among the exact solution and the numerical solutions of Horedt [89] and the series solutions of Wazwaz [34] ,Liao [35] , Singh et al. [50] and Ramos [41] and the current work. As a result, the present work provides an acceptable approach for Lane-Emden equations. The logarithmic figures of absolute coefficients result in the approach which has exponentially convergence rate. Finally, the most important concern of spectral methods is the choice of basis functions. there are some properties for basis functions such as rapid convergence, easy to compute and completeness, which means that any solution can be represented to arbitrarily high accuracy by taking the truncation N are sufficiently large.
